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Initialization, Noise, Singularities, and Scale in
Height Ridge Traversal for Tubular Object Centerline

Extraction
Stephen R. Aylward*, Member, IEEEand Elizabeth Bullitt

Abstract—The extraction of the centerlines of tubular objects in
two and three-dimensional images is a part of many clinical image
analysis tasks. One common approach to tubular object centerline
extraction is based on intensity ridge traversal. In this paper, we
evaluate the effects of initialization, noise, and singularities on
intensity ridge traversal and present multiscale heuristics and
optimal-scale measures that minimize these effects. Monte Carlo
experiments using simulated and clinical data are used to quantify
how these “dynamic-scale” enhancements address clinical needs
regarding speed, accuracy, and automation. In particular, we
show that dynamic-scale ridge traversal is insensitive to its initial
parameter settings, operates with little additional computational
overhead, tracks centerlines with subvoxel accuracy, passes
branch points, and handles significant image noise. We also
illustrate the capabilities of the method for medical applications
involving a variety of tubular structures in clinical data from
different organs, patients, and imaging modalities.

Index Terms—Blood vessels, brain, geometric modeling, Hessian
matrices, liver, lung.

I. INTRODUCTION

SURGICAL and interventional radiology procedures often
involve the visualization and quantification of vessels,

bronchi, bowels, ducts, or nerves in two-dimensional (2-D)
and three-dimensional (3-D) medical data. These and other
anatomic objects are tubular, i.e., they have nearly circular
cross sections, smoothly varying radii, and possibly follow tor-
tuous paths and branch. Clinical applications involving tubular
anatomy in magnetic resonance angiogram (MRA), X-ray com-
puted tomography (CT), and 3-D ultrasound data include shunt
length specification, virtual colonoscopy flight-path control,
embolization planning, stenosis detection, radiation therapy
treatment planning, and MRA/digital subtraction angiogram
registration for intraoperative guidance. In this paper, we
present a fast and accurate method for modeling the centerlines
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of tubular anatomy so that computer-based methods can be
more easily developed to assist clinicians with these tasks.

We begin by discussing a general method for intensity ridge
traversal for centerline extraction. We then present dynamic-
scale enhancements that improve the handling of noise, branch
points, and local singularities while decreasing the method’s
sensitivity to its initial parameter values. We have found these
modifications to be essential for the routine modeling of cen-
terlines in clinical images. We support these conclusions by
presenting results from Monte Carlo experiments that compare
the “default” ridge traversal method with our “dynamic-scale”
method using simulated and MRA data. We also provide il-
lustrations of the application of the dynamic scale method to
clinical data from different organs, patients, and modalities. We
show that the dynamic-scale method can extract the centerlines
of the a variety of tubular objects occurring in head MRA, lung
CT, liver CT, and liver 3-D ultrasound data.

A. Specifics

It is our philosophy that centerline extraction should be an in-
tegral part of tubular object modeling. Compared to edge iden-
tification which is generally performed using small-scale mea-
sures, centerline identification can be performed by integrating
over a large extent of a tubular object and, therefore, may be
less sensitive to image noise [1]. Given a centerline, subsequent
processing such as boundary detection can be stabilized by pro-
viding a spatial prior to resolve boundary ambiguities. We have
also found the centerline’s geometry to provide an excellent
basis for multimodal image registration [2], [3].

In this paper, we explore the roles of initialization, noise, sin-
gularities, and scale in ridge-based methods for tubular object
centerline extraction. Ridge methods operate by considering an
N-dimensional image to be a surface in an ( )-dimensional
space by mapping intensity to height; tubular object centerlines
will exist as one-dimensional (1-D) height ridges on that sur-
face. The effectiveness of height ridge traversal for centerline
modeling is application dependent, but to quantify the general
capabilities of these methods we identified three common cri-
teria which are described next.

Speed: Many clinical imaging protocols (especially those in-
volving multidetector CT and high-gradient MR scanners) ac-
quire pre and postcontrast images at submillimeter spatial reso-
lutions. As a result, multiple mega-voxel datasets may be gen-
erated per patient per hospital visit. Our goal is to automatically
process these datasets within 30 min; thereby making our ap-
proach applicable to all but the most urgent-care clinical situ-
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TABLE I
A REVIEW OF THE CENTERLINE EXTRACTION CAPABILITIES OF A RANGE OF VESSELMODELING METHODS

ations. The presented methods are able to extract a centerline
passing through twenty voxels in0.3 s on a 733-Mhz Pentium
III PC running Windows 2000. A patient’s intracranial vascula-
ture captured by MRA can be modeled in under 15 min.

Accuracy: Critical to any tubular object centerline extrac-
tion technique is the robust handling of image noise, branch
points, and widths approaching the inner-scale of the data. For
example, interventional radiologists require the definition of 1
mm feeding vessels for the embolization of tumors and arteri-
ovenous malformations, and yet many MR angiograms are ac-
quired using 1 1 1 mm voxels. Even in noisy images the
methods presented in this paper can accurately extract the cen-
terlines of one voxel wide tubes: average error is less than 0.5
voxel, branch points are consistently passed, and the full length
of a centerline is consistently extracted.

Automation: The performance of many extraction tech-
niques is highly dependent on the initial specification of
multiple parameter values. Automation is greatly facilitated
if a method has few parameters and if it is insensitive to the
initial value of those parameters. The minimal information
required to designate a centerline-of-interest is a localization
of the tube in image space and scale space . Using
the dynamic-scale ridge traversal method, centerline extraction
accuracy is not statistically significantly dependent on the
values of and . Automatic processing of lung CT, head
MRA, and liver CT data is demonstrated.

For this paper, the default and dynamic-scale methods were
evaluated via Monte Carlo experiments using simulated data
and clinical MRA data. For the simulated data, we generated im-
ages at three different noise levels containing a tortuous tubular
object that branches and whose radius varies from 0.5 to 4.0
voxels. For 200 random starting locationsusing three dif-
ferent starting scale values, we measured the time to extract
a centerline passing through twenty voxels in order to quan-

tify speed. We measured the average error, maximum error, per-
cent of points within 0.5 voxel of ideal, and percent of points
within one voxel of ideal as measures of accuracy. We measured
ridge length and frequency of branch point crossing as mea-
sures of automation. Using these measures we tested the Null
Hypotheses that 1) there is no difference between the mean per-
formance of each method and 2) there is no difference between
the mean performance of a method given different starting scale
values. Levels of significance were measured. In summary, we
concluded that the dynamic-scale enhancements significantly
improve performance, and the enhanced implementation’s per-
formance is not significantly effected by its initial scale value.
For the MRA data, given 300 random starting points near a
vessel, any two extractions were within 0.1 voxel of one another.

At the end of this paper we provide illustrations of the ap-
plication of the dynamic-scale method to clinical applications
involving different tubular structures, organs, patients, and
imaging modalities. For detailed discussions on specific clinical
uses of our centerline modeling method and related technology
developments in visualization, 3-D/2-D registration, 3-D/3-D
registration, vascular connectivity description, and surgical
cutting path analysis, consult our previous publications [4]–[6]
and our web pages at http://caddlab.rad.unc.edu. The data used
in the experiments presented in this paper are also available on
those web pages. A description of related, previous research
into centerline modeling is presented next.

II. BACKGROUND

Centerline models can be generated 1) explicitly, 2) implic-
itly, or 3) via postprocessing by vessel modeling methods. An
analysis of several previously published methods from each of
these categories follows and is summarized in Table I. It is im-
portant to realize that this analysis is inherently biased against
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methods for which centerlines are implicit or defined via post-
processing. Those methods were not intended to be directly used
for centerline modeling. They are included in this analysis, how-
ever, because of their potential for centerline modeling. Addi-
tionally, for this review, we only considered methods that do not
assume a global structure to the tubular network being extracted.
The topologies of brain, lung, and liver vascular networks have
too much interpatient variability to be fit by global models.Ex-
plicit centerline extraction has existed for decades as a basis of
tubular object modeling [1], [10], [11].

1) Explicit centerline extraction is the basis of our approach
to tubular object modeling [12]. Our method starts from an ini-
tial point on or near a vessel and subsequently performs a mul-
tiscale extraction of the vessel’s centerline via ridge traversal
and radius estimation. The dynamic-scale enhancements in this
paper grew in part from the “core” work of S. Pizer’s group
[11], [13]–[15]. Core methods simultaneously solve for middles
and widths during traversal and have excellent theoretic insen-
sitivity to noise by using measurement aperatures (i.e., scales)
proportional to the width of the object. Core finding, however,
can be hampered by having to seek extrema in high-dimen-
sional, correlated parameter spaces. For tubular object center-
line modeling, we have found that by uncoupling the middle
and width estimation processes and yet continuing to use aper-
atures proportional to the object’s width (implemented in the
dynamic-scale ridge traversal method), most of the insensitivity
properties remain and finding extrema in the separate optimiza-
tion spaces is tractable and fast. Other groups have also devel-
oped explicit centerline modeling methods. For example, Gerig
[16] developed steerable filters to track the centers and widths
of vessels. More recently, Frangi and Niessen [7] have presented
a method that, given a pair of endpoints, uses the connected
vessel voxels (defined by a binary object mask) to coarsely de-
fine a path that is iteratively refined to determine a centerline
(Bitter [17] has published a similar method that does not re-
quire endpoint specification). For some applications, endpoint
and object mask specification is appropriate—an excellent ex-
ample is abdominal aortic-aneurysm stent planning using con-
trast CT. For other applications, however, these initialization re-
quirements might hinder automation. For example, given com-
plex, branching tubes, such endpoint identification or object
segmentation may actually be the goal subsequent to centerline
extraction.

2) Tubular object segmentation methods in which a center-
line extraction is implied include anisotropic diffusion [18], [19]
and region growing/level-set evolution [8], [20], [21] methods.
These techniques have produced excellent segmentations of in-
tracranial vasculature and bronchi. One of the most interesting
of these implicit methods is the level-set method developed by
[8]. It uses second-order level-set information to rapidly extract
entire vascular trees. However, it can be difficult to control (e.g.,
specify the stopping criteria for) certain diffusion and region
growing methods when attempting to model vessels that exist
at the inner scale of the data.

3) Postprocessing is necessary to generate centerline
representations when tubular objects are identified on a
voxel-by-voxel basis. One well-developed method for voxel
labeling uses spatially adaptive histogram analysis to automat-

ically determine local thresholds to identify vessel voxels in
MRA data [9]. That method and most voxel-labeling methods
are particularly useful when the vascular structure of interest
is nontubular. For example, that method has demonstrated
clinical utility for aneurysm visualization and quantification
for treatment planning [22]. The absence of shape constraints,
however, makes handling noise and small vessels more diffi-
cult. Additionally, if centerlines are desired, skeletonization
must be applied to the labeled voxels, and some skeletonization
methods such as binary erosion should be avoided since they
will only produce voxel-level centerline representations.

III. CENTERLINE EXTRACTION

To introduce our dynamic-scale traversal method we begin by
specifying our criteria for a point to be considered on a height
ridge. We then detail the importance of scale to ridge forma-
tion and traversal. Subsequently we present the default center-
line modeling method: given a seed pointand seed scale , a
point on the local ridge is found, and the full extent of the ridge
is traversed by a step-maximize procedure. We then present our
dynamic-scale enhancements which involve multiscale heuris-
tics and tube radius estimation to implement an optimal-scale
step-maximize ridge traversal procedure.

A. Ridge Criteria

Without loss of generality, we assume that tubes-of-interest
appear brighter than the background, that is, their centerlines
are intensity ridges not valleys. Via a sign change, the following
methods can be applied to track valleys. Via blurring, filtering,
and other image processing operations, these methods can be
applied to extract tubular objects that do not have central ex-
trema, are defined by texture, or are differentiated from their
surround by other image features. In this paper, we focus on
the processing of 3-D data, but these methods have also been
applied to two and four-dimensional data—our notation guides
the application of this method to -dimensional data. We de-
fine the following.

-dimensional volume of data.
Point in on a 1-D ridge in .
Scale at which measures inat are made, i.e., a
scale at which the ridge exists.
Gradient vector of at .
Ridge’s tangent direction at.

We are specifically interested in maximum convexity height
ridges, and so the basis directions normal to the ridge are defined
using the eigenvectors of the Hessian matrix at. We define:

Eigenvectors of the Hessian ofat .
Eigenvalues of with vectors and
values ordered such that .

Two conditions must hold for to be on a maximum-con-
vexity height ridge. They are introduced next. See [1] and [13]
for additional detail.

One, the point must be a ridge point. Second-derivative
information distinguishes ridges from valleys, saddles, planes,
and spheres. The Hessian matrix captures second-derivative in-
formation at a point in an image. For a point to be on a 1-D ridge
of an D surface, of eigenvectors of the Hessian ofat
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must have negative eigenvalues. Given ordered eigenvalues,
we test this condition by verifying

(1)

By this condition the directions and are assumed to be
the directions normal to the ridge. This assumption is relaxed in
the dynamic-scale implementation.

Two, the point must be on an ( )-dimensional extreme,
i.e., the projection of the gradient atonto the directions
normal to the ridge must be equal to zero

and (2)

Following the work by Eberly [13], to define the ridge’s tan-
gent direction we avoid third-derivative calculations and instead

approximate the tangent of the ridge at by , i.e., the re-
maining (the maximum eigenvalued) eigenvector of the Hessian
of at .

We also define a third condition to assure that the ridge is
central to a tubular object that has a nearly circular cross section.
We have found this third condition to be essential for proper
ridge termination. As a tube becomes dim and its borders diffuse
relative to its background (as occurs where blood vessels feed
capillary beds), a ridge may still exist but the tubular structure
becomes poorly defined and often appears more elliptical than
circularly symmetric. We test this condition by the ratio of the
eigenvalues in the directions normal to the ridge,

(3)

This ratio is equal to one when the tube’s cross section is sym-
metric. We allow for deviations from perfect circular symmetry
via .

Regarding method initialization and automation, there
are four parameters in our ridge criteria: the tolerance for
equal-to-zero in (2); the value ofin (3); the location of the
ridge point being tested; and the scaleat which the measures
at are made, i.e., a scale at which the ridge atexists.

For all experiments and applications presented in this paper
to test for equal-to-zero in (2), we used

(4)

This test enforces orthogonality at places of large gradient, but
as the gradient magnitude goes toward zero, less orthogonal di-
rections are tolerated. For example, given that the values of
are normalized to be between zero and one, if is 10% of
the intensity range near a ridge, then is said to be orthog-
onal to if their angle is bounded by

. Yet, if is 0.1% of the intensity range, orthog-
onality is relaxed to .
This reflects the fact that as a tube becomes dim and “flat,” it is
more difficult to know gradient and normal directions with con-
fidence; however, because of the flatness of the ridge, less ac-
curate gradient and normal directions are required to stay “on”

the ridge. To counterbalance this effect in extreme conditions
(without introducing an application dependent threshold), (3)
was developed.

In (3), for all experiments and applications in this paper, we
use 0.5 for . This allows cross section intensity patterns to de-
viate from circular and resemble an ellipse with a 2 : 1 ratio be-
tween the lengths of the major and minor axis.

The goal of ridge traversal is to determine the remaining pa-
rameters, and . The default implementation uses a fixed
while localizing . The dynamic-scale implementation dynam-
ically optimizes while localizing . The importance of scale
is discussed next.

B. Scale: The Critical Parameter

The critical parameter of our ridge criteria is the scale at
which the intensity, gradient, and Hessian ofat are calcu-
lated. This scale serves three purposes. One, it designates the
tube-of-interest. Without the specification of a scale, for ex-
ample, it may be unclear if the user seeks to define a blood vessel
within an arm, the arm, or the entire torso of the person im-
aged. Two, scale provides insensitivity to image noise. Measures
made at larger scales are less effected by high frequency varia-
tions in the data. Three, scaled measures such as blurring may be
necessary to create a central intensity ridge in a tubular object.
Intensity ridges inherently exist along the central tracks of many
tubular objects in medical images. This is true, for example,
for small vessels in time-of-flight (ToF) MRA data. However,
blurring may be necessary to create intensity ridges along the
centers of other tubes. For example, in contrast CT data, the in-
tensity profile of a large vessel may be flat, and in ToF MRA
large vessels may appear brighter near their edges than along
their middles because of laminar flow. Intensity ridges will per-
sist along the centerlines of tubular objects for a wide range of
scales. However, too much blurring smooths the curves of an
intensity ridge and, therefore, degrades the accuracy of an ex-
tracted centerline. This trade-off is specifically explored in our
Monte Carlo experiments. An excellent study of the effects of
scale is presented in [1]. Given the importance of scale, ridge
traversal initialization (and ease of automation) must consider
starting values for as well as for .

C. Specifying a Tube

Appropriate heuristics for automatically designating
tubes-of-interest for extraction are usually application de-
pendent, but, in general, such heuristics are complicated if
extraction initiation has many parameters or if the initial
parameter values strongly affect the quality or quantity of
the centerline model generated. The minimum parameters
necessary for designating a tube-of-interest are as follows:

“seed point” that designates the image-space location
of the tube-of-interest;
“seed scale” that designates the approximate size (lo-
cation in scale space) of the tube-of-interest.

To designate a tube for our method, only approximate initial
values for these minimal parameters are needed. Our current im-
plementation requires at scale at to be directed toward
the central track of interest, i.e., gradient ascent fromshould
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lead to the centerline of interest. Assuming a measurement aper-
ature extends , this requirement is generally satisfied in
practice if occurs within of the tube of interest and is
within the broad range of scales that removes erroneous local
extremes resulting from image noise and yet does not signifi-
cantly integrate surrounding objects into the local calculations.

The simplicity of these requirements facilitates automation.
Regarding , assuming that tubes-of-interest are brighter than
the background, the identification of a pointon a tube can usu-
ally be achieved via thresholding based on intensity or local con-
trast. While global thresholding is not sufficient for segmenting
the entire extent of a tube (Table I), finding a point on a tube via
thresholding is generally quite feasible for most applications.
Gradient ascent from such a point will lead to the tube’s cen-
terline. Regarding , assuming the tube’s cross-sectional in-
tensity profile is initially flat or ridge-like, as long as the ex-
tent of the Gaussian kernel is wider than the tube, a central ex-
treme will exist until a neighboring object is encountered. The
smallest appropriate scale may also be dictated by image noise
or by the existence of structured intensity variations within the
tube. Additionally, appropriate scales for may not be appro-
priate scales for ridge traversal since using overly large scales
during traversal will smooth the centerline as illustrated in the
analysis section. Demonstrations of applications involving au-
tomated seed point selection and the dynamic-scale traversal
method are given at the end of the analysis section. First, how-
ever, we must focus on going from a seed point to an actual point
on a ridge.

D. Finding a Ridge

Given a seed point and seed scale, the remainder of the cen-
terline extraction process is automatic. The first step is finding
a point on the centerline local to the seed point. We define the
following.

initial point on the intensity ridge that is the centerline
of the tube-of-interest;

scale appropriate for traversing the ridge at.

From our initial seed point , making measures at scale,
we perform a line search to reach the point that is locally max-
imal in the gradient direction, i.e., the point is a 1-D maximum.
From that 1-D maximum, we expand our search to find a local
( )-D maximum. We use the most negative eigen-
valued eigenvectors of the Hessian at the 1-D maximum as the
basis of our search space—these directions are assumed to be
normal to the ridge by (1). The ridge criteria are tested at that
local ( )-D maximum. If they are satisfied, that local max-
imum becomes our initial ridge point . If they fail, the
most negative eigenvalued eigenvectors of the Hessian at that
point are used to find a new local ( )-D maximum. If the
ridge criteria at that new ( )-D maximum also fail, our
method reports that a local ridge cannot be found. Otherwise,
that new local maximum is used as our initial ridge point.
In the default ridge-following implementation (presented next),

is set equal to . The dynamic-scale ridge-following method
estimates the radius of the object atand uses that estimate for

.

Fig. 1. An illustration of the step-maximize procedure used to iteratively
traverse a centerline. Eigenvectors of the local Hessian matrix approximate the
tangent and normal directions. The shifted normal plane bounds the search for
the next ridge point.

E. Following a Ridge

Our ridge traversal method uses an iterative step-maximize
procedure. Given an initial ridge point , the ridge will extend

in the positive and negative tangent directions. Each
direction is traversed independently.

For the default implementation, at theth point traversed

on a ridge the approximate tangent direction is defined as
the maximum eigenvalued eigenvector of the Hessian at.

The direction of ridge traveral is maintained by multiplying
by the sign of the dot-product of and the previous tangent

direction

(5)

The approximate normal directions at (defined as and
in the default implementation) specify an ( )-D plane

that the local ridge passes through. Under the assumption of
smoothness, if that normal plane is shifted by a small amount

in the tangent direction (see Fig. 1), the ridge should continue
to pass through that shifted normal plane—the ridge will exist as
a local maximum in that shifted normal plane. The ridge criteria
are tested at that ( )-D maximum, and if the criteria are met,
that maximum becomes the next ridge point . Otherwise,
the ridge traversal process terminates in that direction and, if
not previously performed, the ridge extending in the direction

from is traversed.
In practice, to assure the ridge continuity we define two ad-

ditional criteria that must be met at each shifted normal plane’s
local maximum for that maximum to be accepted as the ridge
point .

One, to terminate traversal when T-junctions are encounter,

the next tangent direction must point in the “same direc-

tion” as the current tangent direction. We have chosen 0.7 as

the minimum acceptable value indicating the “same
direction.” Minor experimentation has demonstrated that this
threshold is not critical. This threshold is used in all experiments
and applications in this paper.

Two, to terminate traversal when a large spatial discontinuity
is encountered, must be “close” to . We assume that cen-
terline resolution at the inner scale of the data is desired. We,
therefore, do not allow the Euclidean distance between any two
continuous ridge points to be greater than one voxel.
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The primary parameter of this iterative traversal process is,
the distance the normal plane is shifted per step. Appropriate
values for (and “same direction” and “close”) are dictated by
the assumed smoothness of the tube. For our implementations

is 0.2 voxel. For some applications in which the tubes are
generally much larger than the inner scale of the data, it may
be beneficial to use an adaptive step sizethat is proportional
to the local scale of the tube (“same direction” and “close”
thresholds should also be adapted).

We use Brendt’s line-search method [23] to find local ex-
tremes. We use cubic splines to calculate subvoxel values and
first and second derivatives. Also, the image is not blurred as a
preprocessing step. Scaled calculations are made as necessary
during the traversal process—this is more efficient if tubes are
relatively sparse in the image, and this is required if the dy-
namic-scale implementation is used. More details on ridge tra-
versal speed and complete details on the dynamic-scale imple-
mentation follow.

F. Dynamic-Scale Enhancements for Improved Traversal
Speed, Accuracy, and Automation

Extraction speed is one of the strengths of the default im-
plementation (see Section IV). We have already mentioned that
making scaled measures during processing is one source of its
speed. Another major requirement for speed is that an image’s
voxels should be isotropic. Most of our medical data is acquired
with anisotropic voxels (isotropic in and and thicker in the

dimension). The only preprocessing that the data must un-
dergo prior to centerline extraction is cubic spline interpolation
to super-sample in thedimension to create data with isotropic
voxels. Without isotropic data, our system requires nearly five
times as long to run since every derivative, eigenvector, etc., cal-
culation must be normalized to compensate for the anisotropy.

Regarding accuracy and automation, two adaptations have
been made: 1) heuristics have been added to recover from local
discontinuities and 2) tube radius estimation has been integrated
into the step-maximize process to adapt measurement apera-
ture size to provide optimal-scale traversal. We measure how
these enhancements benefit speed, accuracy, and automation
using Monte Carlo experiments in Section IV. These adaptations
are defined next.

1) Heuristics for Recovery From Local Discontinu-
ities: Local discontinuities can occur in three situations:
when branch points are encountered, when a tube’s intensity
approaches that of the background, or when an intensity ridge
is corrupted by image noise. We use four recovery heuristics
to try to continue ridge traversal past these discontinuities: a)
smoothing tangent directions during traversal; b) reducing step
size at places of high curvature; c) detecting vector swapping
at singularities; and d) perturbing the image data to remove
singularities.

a) Tangent direction smoothing as a ridge is traversed helps
reduce the effect of ridge degradation due to image noise.
Smoothing is accomplished by averaging the local Hes-

sian’s implied tangent direction at with the previous

tangent

(6)

b) At places of high curvature the stepsize used to shift the
normal plane is reduced by 10%. As straighter sections
are once again encountered, the stepsize is increased by
10%. The stepsize is always limited to being between 0.1
and 0.6 voxel. Using intracranial MRA, we observed that

was consistently less than 0.9 at curves. We
chose that as our threshold for high curvature. Although
we used intracranial MRA data to guide our selection of a
threshold, that threshold has remained fixed and was used
in all experiments in this paper.

c) Discontinuities can exist as singularities at branch points
as well as at other locations along a ridge. At these points,
the image data contains intensities that more closely re-
semble a sphere than a tube. All three eigenvalues of the
local Hessian become negative and the ordering of the
eigenvectors with respect to the previous ridge point’s
tangent and normal directions may temporarily change.
We detect eigenvector swapping and reorient them by de-
termining which eigenvector best matches the previous
tangent direction

(7)

We then use that best-matching eigenvector as the tangent
direction in a modified (6)

(8)

d) Another method for handling singularities and other
discontinuities is based on the fact that such structures
are nongeneric in the image data. Because they are
nongeneric, local perturbations to the image data cause
those points to be displaced or destroyed. Therefore, if
a valid ridge point is not found after the application of
the above recovery techniques, image perturbation is
employed: is slightly decreased, is slightly increased,
and then the step-maximize process is retried. If a second
discontinuity is encountered within the next two voxels,
a second recovery is not attempted.

These recovery enhancements address accuracy and automa-
tion. Specifically, if longer extents of the centerlines of tubular
objects can be extracted from each seed, fewer seeds will be
needed to generate a more complete coverage of the region of
interest. Next, we present optimal-scale selection which also ad-
dresses speed, accuracy, and automation.

2) Optimal-Scale Selection:Because of scale’s influence
on ridge traversal, the dynamic-scale implementation seeks op-
timal-scale height ridges, i.e., the scale used during traversal is
a function of the radius of the tube at the point being traversed.
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Fig. 2. A rendition of the kernel used to estimate a tubular object’s radius.
Kernel is aligned normal to the centerline; inner circles represent positive
spheres; outer circles represent negative spheres; spheres bound the radius
being tested; sphere radius (i.e., the kernel’s aperature) is proportional to the
radius being tested.

For all dynamic-scale applications and experiments presented
in this paper, traversal scale is set equal to the estimated local
radius of the tube. Application-specific knowledge of image
noise and centerline tortuosity can be used to specify alternative
mappings from object radius to scale, but we have found such
tuning unnecessary.

We estimate the local radius of the tube by finding a local
maximum of a medialness function at

(9)

Our medialness function uses an adaptive convolution
kernel formed by a ring of boundary operators centered about

, aligned with the normal plane at, and at a distance from
. Each boundary operator is a pair of spherical operators of size

aligned radially about at a distance of and
and with the inner sphere having a positive sign and the outer
sphere having a negative sign (Fig. 2). The convolution kernel
is adaptive in that, to increase the stability of the medialness
response given image noise and neighboring objects (including
branches), the radial direction that produces the weakest convo-
lution response is eliminated from the kernel’s convolution sum.

We perform only a coarse estimation of the object’s local ra-
dius during ridge traversal. The tube’s local radius is determined
only every ten voxels using a tolerance of 0.1 voxel. As a result,
the speed of traversal is minimally effected. In Section IV, the
change in speed as well as the improvements in accuracy and
automation due to these enhancements are quantified by Monte
Carlo experiments.

IV. A NALYSIS

In this section, we quantify and compare the speed (time to
extract a centerline), accuracy (difference from ideal center-
line), and automation (ability to extract long centerlines and pass
branch points) of the default and dynamic-scale implementa-
tions. We first present a simulated dataset and two experiments
that illustrate the influence of scale on ridge traversal accuracy
and that quantify the speed of the extraction methods. We then

Fig. 3. (a) A rendering of the mathematically defined surface of the tortuous,
branching object used in the simulated-data Monte Carlo experiments. (b) From
top-to-bottom, slices 49–52 that involve the branch have been blurred by 0.5
voxel, enlarged, and cropped to a 10� 10 pixel region.

describe and present results from a set of Monte Carlo exper-
iments involving the simulated data to quantify the accuracy
and automation of the methods. Using those results, Null Hy-
potheses are tested to quantify the improvements offered by the
dynamic-scale implementation. Finally, a Monte Carlo experi-
ment is conducted using MRA data to detail the consistency of
the dynamic-scale method on clinical data.

A. Simulated Data and Random Seed Points

We created a 100 100 100 voxel, isotropic dataset con-
taining a tortuous, branching, tubular object. The object’s cen-
terline passes through 350 voxels—an ideal traversal of this cen-
terline results in the extraction of 800 centerline points using a
step size . At its ends, the tube’s radius is 4.0 voxels. In
the middle, at the branch point, the radius is 0.5 voxel. A ren-
dering of the explicit surface of the object is shown in Fig. 3. The
background intensity is 100, and the object’s cross-sectional in-
tensities have a parabolic profile ranging from 150 at the ob-
ject’s edge to 200 at the object’s middle. This profile is typical
to contrast MRA and ToF MRA for small vessels [24].

Two different types of noise are present in this data. First, the
discrete sampling of the continuous object produces errors. This
is illustrated in the slice sections shown in Fig. 3. Second, inten-
sity noise was added to the data. Specifically, three variants of
the image were created by adding Gaussian noise having stan-
dard deviations of 20, 40, and 80 (Fig. 4). The 20 data is
representative of the noise level in MR and CT data. The40
data more closely resembles the noise magnitude of ultrasound
data. The 80 data was chosen to explore the methods’ per-
formance on worst case data.

There are three important details regarding these data. First,
the data does not a simulate a specific anatomic structure. Our
centerline extraction method is general. The method works with
bronchi in CT; vessels in MRA, CT, and ultrasound; nerves
in confocal microscopy; and bones in CT. Second, the branch
point profile is arguably optimally difficult for ridge traversal
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(a)

(b) (c)

Fig. 4. A slice (x-versus-z at y = 50) along the center of the tube in the
simulated data with three different levels of Gaussian noise added. Noise
standard deviations are (a)� = 20, (b)� = 40, and (c)� = 80. The noise-free
background value is 100 and the noise-free tubes have parabolic intensity
profiles. Value of 150 at edges and 200 along the middles.

methods. Each fork in the branch is identical in theory and in
the discrete data. This branching configuration creates a singu-
larity. In general, singularities do not exist at tube branch points
in human anatomy and are infrequent in 3-D medical images
of that anatomy. Singularities will only exist if both branches
have identical intensities using scaled measurements; this is im-
probable. Flow tends to favor one branch, thereby making the
branches’ ToF MRA responses different in terms of radius and
intensity. The length and branch point crossing results presented
in this paper are worst case. Third, the 80 data represents an
extremelychallenging situation—the object’s median intensity
is less than one standard deviation from the background’s mean
intensity. Our experience suggests that the accuracy results we
are reporting from the 80 image are well beyond anyworst
casenumbers for ridge traversal for any clinically acceptable
MRA, CT, or ultrasound data.

Regarding the random selection of seed pointsfor ex-
tracting tubes from this data, it is our experience that it is
generally easy to find a point on a tube using simple, albeit
application-specific, heuristics. The efficacy of such seed
point selection heuristics is demonstrated on clinical data in
applications subsection of this paper. Based on this simplicity
and efficacy, for the experiments in this paper involving the
simulated data, seed points were chosen using a uniform distri-
bution along the extent and within the local radius of the ideal
tube. Nevertheless, to demonstrate our method’s insensitivity
to distance from the tube (as another indication of its ease of
automation), in the experiments involving the MRA data the
seed points were chosen using a uniform distribution along
but extending twice the radius from the tube’s centerline. The
influence of ridge traversal’s other initial parameter, scale,
is illustrated next.

Fig. 5. Averagex-coordinate for eachz-coordinate for 200 centerline
extractions at three different scales using the noise-free data. Larger scales
straighten the centerlines at curves (z = 33 andz = 67) and are affected by
neighboring objects such as branches (z = 50).

Fig. 6. The default processing method’s time to traverse 100 points (�20
voxels) of a centerline varies from 0.1 s to 0.8 s depending on the scale used (x

axis). The dynamic-scale method’s time is consistently�0.3 despite different
initial scale values.

B. Scale: The Critical Parameter Revisited

As mentioned in Section III, scale is the critical parameter of
ridge traversal. One aspect of its importance is well illustrated
in Fig. 5. This plot was formed using the default implementa-
tion and the noise-free data by averaging thecoordinate for
each coordinate for 200 random extractions performed at each

value. We conclude that using a larger scale straightens the
curves in a centerline and increases the influence of neighboring
objects (at the branch point the presence of two tubes causes the

4 centerline to be deflected). Next we evaluate the influ-
ence of scale on the speed of each method.

C. Speed

The speeds of the default and dynamic-scale implementations
were quantified in terms of average number of seconds to tra-
verse 100 ridge points (approximately twenty voxels given
0.2). Results are given in Fig. 6. These averages were calcu-
lated by performing 200 extractions for each method at each

using the noise-free data. These extractions were performed
on a Dell computer running Microsoft Windows 2000 with a
733-Mhz Pentium III processor and 128 megabytes of memory.
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Fig. 7. Means and standard deviations of the six Monte Carlo measures for the� = 20 volume data [Fig. 4(a)].

Two conclusions are indicated by Fig. 6. First, as the scale
used for fixed-scale traversal increases, the dynamic-scale en-
hancements actually reduce extraction time by using smaller
scale measurements when appropriate. Second, both methods
are fast. Most importantly, the dynamic-scale method requires

0.3 s to follow a twenty voxel extent of the centerline of a
0.5 to 4.0 voxel radius tube. Given the prevalence of 0.5 to 2
voxel radius vessels (1–4 mm diameter) in intracranial MRA
images (1 1 1 mm voxel size), it is quite easy to process
an intracranial MRA dataset in 15 min. The potential increase in
speed offered by the dynamic-scale method becomes even more
meaningful when the improvements in accuracy and automation
afforded by its enhancements are considered.

D. Monte Carlo Experiments Using Simulated Data

To quantify the accuracy and automation capabilities of the
default and dynamic-scale methods, Monte Carlo experiments
were conducted using the simulated data. For each method, 200
random starting points were evaluated using three initial scale
values ( 1.0, 2.0, and 4.0) and three different levels of image
noise ( 20, 40, and 80). Due to using this broad range of
initial scales, centerline extractions were initiated with 4.0
at seed points where the tube’s radius was actually 0.5, thereby
overestimating the actual radius by a factor of eight. Similarly,
centerlines were sought where the tube’s radius was 4.0, but
instead was set to 1.0.

Six measures were made on each extracted centerline during
the Monte Carlo runs. The first four of these measures quantify
the accuracy of each method. The last two measures quantify
how well the methods can be automated. The measures are as
follows.

1) Average Error: Mean distance between a point on the ex-
tracted ridge and its closest ideal centerline point.

2) Maximum Error: Maximum distance between each point
on the extracted ridge and the closest ideal centerline
point.

3) Percent of Points Within 0.5 Voxel: Percent of points on
the extracted ridge within 0.5 voxel of their closest ideal
centerline point.

4) Percent of Points Within 1 Voxel: Percent of points on
the extracted ridge within 1 voxel of their closest ideal
centerline point.

5) Average Percent Length: Percent of points in the extracted
ridge. Extraction using a noise-free image produced 800
points, so this number is reported as a percentage of 800.
This number is strongly correlated with the percent of
branch points crossed (measure 6).

6) Percent of Branch Points Crossed: Percent of the 200 ex-
tractions that spanned the-dimension from slice 47 to
slice 53—these slices bound the branch point.

We calculated the average and standard deviations for the first
five of these measures over the 200 runs for each three-way
combination: , method, . The sixth measure is a count over
each set of 200 runs. Results are given in Figs. 7–9.

1) Accuracy: To compare the accuracy of the different
methods, we tested the Null Hypothesis that there was no
difference between the mean performance of the default and
the dynamic-scale implementations. Levels of significance

were calculated. Differences between means were
considered significant if P 0.01. We also calculated the
minimum difference between the means that can be detected
with a power of 0.99 and a significance level of 0.01 [i.e.,
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Fig. 8. Means and standard deviations of the six Monte Carlo measures for the� = 40 volume data [Fig. 4(b)].

Fig. 9. Means and standard deviations of the six Monte Carlo measures for the� = 80 volume data [Fig. 4(c)].

and ] using pooled estimated variance at each
level of image noise [25], [26]. Variances were pooled within
each level of image noise since performance varied more as a
function of image noise than as a function of method or seed
scale. Results are given in Table II.

There are three general conclusions that can be drawn from
these experiments. First, both methods are extremely accurate.
For the 20 and the 40 data, average error was less that
one voxel, maximum error was about two voxels, about 90%
of the extracted points were within one voxel of the ideal, and
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TABLE II
PERFORMANCECHANGE RESULTING FROM THE ENHANCEMENTS

Fig. 10. A Monte Carlo extracted tube using the� = 80 data is shown
with respect to the ideal tube (shown in wireframe) to illustrate locations and
relative magniture of errors reported. This tube passed the branch point. This
extraction’s max error was 1.7 voxel at the lower curve.

for the 20 data on average over 90% of the ideal center-
line was traversed by the dynamic-scale method (it consistently
crossed the difficult, inner-scale branch point nearly 90% of
the time). Two, for every measure except maximum error the
dynamic-scale enhancements improved performance at every
noise level. The one exception is at 80; the average error in-
creased but that increase was not statistically significant. Three,
the dynamic-scale method did produce higher maximum errors.
This is not surprising. It is due to the additional pliability pro-
vided by searching for an optimal scale and due to the use of
recovery heuristics that increase the likelihood of taking a false
step once a traversal mistakenly goes outside of a tube. The in-
crease in maximum error, however, is extremely small—when
statistically significant, the increase in maximum error is less
than 0.071.

Most surprising about these results is the success of ridge
traversal on the extraction of tubes from the extremely noisy

data. Average centerline point error was about one voxel with
approximately 70% of the extracted centerline points within one
voxel of the ideal centerline. The branch point was passed less
than half of the time, but most extractions covered the full extent
of the branch upon which they fell. An example extraction is

shown in Fig. 10. With speed and accuracy accounted for, all
that remains is an analysis of the measures of automation.

2) Automation: There are two measures of automation: the
percent of times the branch point is crossed and the dependence
of each method on . The number of branch point crossings
per method is detailed in the figures. The Monte Carlo experi-
ments also enabled us to test the Null Hypothesis that there is
no difference between the measured means of each method for
different values (variance pooled acrossand image noise).
Levels of significance and power were calculated. Significance
of changing for each measure is reported in Table III.

The results are conclusive: the dynamic-scale enhancements
facilitate the automation of centerline extraction via ridge
traversal. Nearly 90% of the time for the 20 data and
over 50% of the time for the 40 data, the optimally
difficult branch point is crossed. More importantly, the default
implementation is statistically significantly dependent on the
seed scale for nearly every measure of performance, and the
dynamic-scale method demonstrates no statistically significant
performance dependence on the seed scale. The strength of this
conclusion is obvious from the nearly flat appearance of the
dynamic-scale method’s performance acrossin the figures.

Clearly, all of the simulated data experiments support the use
of the dynamic-scale implementation. The next section verifies
that the dynamic-scale method is also applicable to clinical data.

E. Monte Carlo Experiment Using MRA Data

As a final evaluation of the dynamic-scale implementation,
we performed a Monte Carlo analysis using clinical MRA data.
This experiment illustrates the consistency of the extractions
(truth is not known). Specifically, a single vessel (Fig. 11) was
extracted using a manually chosenwith 1.0. Using that
representation, 100 random starting points were chosen along
a 20-voxel extent of that tube and within twice its radius. At
each starting point, centerline extraction was repeated with three
different values: 1, 2, and 3. The coordinates of
those 300 extractions are shown in Fig. 12.

The dynamic-scale implementation performed extremely
well on this test case. The maximum distance between any two
closest points on any two of the 300 extractions was 0.1 voxel.
At times branches were extracted instead of the original center-
line. That is not a failing of the extraction process, the starting
points warranted the extraction of those branches. Those branch
extractions were not factored into our error estimates. They do,
however, demonstrate the enhanced method’s ability to cross
branch points in real-world data.



72 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 21, NO. 2, FEBRUARY 2002

TABLE III
EASE OFAUTOMATION AS A LACK OF STATISTICALLY SIGNIFICANCE PERFORMANCECHANGE DUE TO CHANGING SEED SCALE �

Fig. 11. One slice of the MRA image containing a portion of the
vessel-of-interest. The vessel passes branch points, and its width is near the
inner scale of the data.

F. Select Clinical Applications

In this section, we present the application of dynamic-scale
centerline modeling to five different sets of data. We demon-
strate the modeling of lung vessel, ribs, and bronchi from CT
data; the modeling and registration of intracranial vascular from
two MRA data sets; and the modeling of vessels of the liver in
CT and ultrasound data. The dynamic-scale method and its pa-
rameters as presented in this paper were not modified to process
any of these data. Tube radii were estimated as the scale that pro-
duced the local maximum of medialness [see (9)] at every point
along each extracted centerline. The processing of the CT and
MRA data involved automated seed point selection that exploits
our semi-automated organ delineation technique. That method
is described next.

1) Seed Point Automation via Organ Delineation:To limit
the automated extraction of tubes to particular organs, the CT
and MRA applications used a semi-automated organ segmen-
tation method based on connected components. From the seg-
mented organs, the seed pointswere then automatically deter-
mined. From those points, centerlines and radius models were
then automatically generated.

The organ delineation process is as follows.

Fig. 12. A plot of thex; y coordinates of 300 dynamic-scale extractions of a
vessel in an MRA dataset—100 random starting points and at three different�

values—1, 2, and 3.

a) From a user-specified starting point and using lower and
upper intensity thresholds specified by the user, the voxels
spatially connected to the starting point and having inten-
sities within the thresholds are identified (this is standard
connected components).

b) That component is pruned via erosion using a spherical
operator to remove sections that are only connected by
thin strands to the main component. The main component
is subsequently dilated by the same amount to return it to
its original boarders (minus the clipped regions).

c) The main component is then dilated using a spherical
operator to fill-in small holes. The main component is
again subsequently eroded by the same amount to return
it to its original boarders (minus its holes and clipped
regions—optionally the original thresholds are used to
constrain erosion at border voxels to produce voxel-level
boundary representations).

An appropriate user-interface simplifies the specification of
the parameters of this process. On a slice of data, the user merely
specifies the corners of a box contained by the organ to be delin-
eated. The center of the box is used as the connected-component
starting point. The fifth and the 95th percentile of the intensities
in that box are used as the connected component thresholds. The
prunning sphere size is application specific (1.2 cm for liver
and brain envelope segmentation), and we define the fill sphere
size to be the same as the prunning sphere size. For some ap-
plications and data, it may be necessary to edit the resulting de-
lineation; however, experience indicates that the time required
and the inter and intrauser variability for such editing is usually
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(a) (b)

(c) (d)

Fig. 13. (a) These tubular models of a lung’s ribs, bronchi, and vessels were extracted from noncontrast CT. A connected component model of the lung defined the
region of interest from which lung-vessel seed points were automatically selected by thresholding. (b) These vessels representations were automatically generated
from seed points within semi-automatically defined brain envelopes in preoperative and postoperative MRA data. The MRA data were aligned by matching the
centerlines of the tubes in one image with the data in the other image. Non-rigid deformations near the surgical site are seen as vessel mis-alignments. (c) Using
contrast CT, the liver surface has been delineated and using that delineation, portal and hepatic vessels have been automatically extracted. (d) Three–dimensional
ultrasound data of a liver was inverted to make the vessels appear brighter than the background and then seed points were manually specified to generate this
visualization.

minimal compared to the time and variability of hand-segmen-
tation [27].

Once an organ is delineated, the seed point threshold must
be specified. Continuing our assumption that the vessels are
brighter than the background, the user specifies the threshold
in terms of intensity percentile. We have found that using the
99.5th percentile is an effective for threshold for selecting seed
points in intracranial MRA. For the CT data, the threshold was
chosen manually. To eliminate the possibility of extracting tubes

that abut the delineated organ, seed points within six voxels of
the object’s boundary are disqualified. More experimentation is
needed and more intelligent histogram analysis may be bene-
ficial for the broader application of this approach. Results pro-
duced thus far, however, are quite promising. They are presented
next.

2) Application Illustrations: The application of the dy-
namic-scale method to five different sets of data is shown
in Fig. 13. Two of the sets of data were registered using the



74 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 21, NO. 2, FEBRUARY 2002

centerline representations, so four images were produced. All
extractions used 1.5 voxels. Below are the specifics
regarding those four images.

a) Using noncontrast lung CT data, we modeled a right
lung’s bronchi, vessels, and ribs as tubular objects. The
bronchi, ribs, and three major vessels leading into the
lung were extracted manually using one seed point per
object. The vessels within the lung were extracted by
segmenting the right lung and then running the extraction
process from every point in the lung above a manually
chosen threshold.

b) To illustrate the usefulness of centerlines for 3-D/3-D
registration the vessels from a patient’s postoperative
MRA data were semi-automatically extracted and rigidly
registered with the patient’s preoperative MRA data (the
tube-to-image registration method is presented in [2]
and [3]). The extractions were limited to vessels within
the brain envelope in each set of data. In the figure, the
vessels from both MRA’s are shown. Both sets of vas-
cular models are nearly identical except where nonrigid
deformations due to treatment are present in the data.

c) Contrast CT data captures the portal and hepatic venous
networks of the liver. In the figure, the delineated liver and
the semi-automatically extracted vessels are shown. In-
teracting with such visualizations help surgeons evaluate
donors for adult-to-adult, living-donor, and partial-liver
transplants.

d) Vessels appear as tubular voids in 3-D ultrasound data.
We inverted the intensities in 3-D ultrasound data of a
liver and then manually selected seed points to extract the
vascular representations shown.

Truly the dynamic-scale centerline modeling method is
broadly applicable. These clinical data represent a wide range
of image noise, tube cross section intensity profiles, and
centerline conspicuities, yet the same methods and parame-
ters presented in this paper were used to perform all of the
extractions shown. Most impressive is the consistency of the
extractions generated from the two different sets of MRA data
(preoperative and postoperative) from the same patient. The
centerline-based registration method demonstrated is one of
numerous applications enable by fast, accurate, and automated
centerline extraction. For other clinical applications, see the
extensive work lead by E.Bullitt [4], [5].

V. CONCLUSION

In this paper, we define a general method for centerline ex-
traction based on our 1996 work [12] (the “default” implemen-
tation) and then offer a set of multiscale heuristics and optimal-
scale measures for handling noise, discontinuities, and singular-
ities in the data (the “dynamic-scale” implementation).

We evaluated these implementations using Monte Carlo ex-
periments with simulated and clinical data. Those experiments
evaluated the speed, accuracy, and automation of the methods.
The data contained extremely challenging levels of noise and
an uncharacteristically difficult branch point (local object radius
was 0.5 voxel and both branches were identical). All methods
were shown to be fast (0.3 s to extract a centerline passing

through 20 voxels) and accurate (average error less than 0.5
voxel). The dynamic-scale implementation offered statistically
significant improvements in accuracy. The dynamic-scale im-
plementation was shown to be truly supportive of automation in
that its initial parameter values were not statistically significant
in determining its final accuracy: average error, maximum error,
percent of points within 0.5 voxel of ideal, percent of points
within 1 voxel of ideal, and length of extraction.

We then presented demonstrations of the clinical utility of
the dynamic-scale centerline modeling method using lung CT,
head MRA, liver CT, and liver 3-D ultrasound data. Using con-
nected components and morphological operators to segment the
organs, seed points were automatically chosen and the center-
lines of the vessels of those organs were automatically extracted.
We also illustrated a tube-to-image 3-D/3-D registration method
that exploited these centerline representations to perform rigid
registration despite the presence of nonlinear, vascular deforma-
tions.

Future work will focus on the quantification of the per-
formance of various vessel radius estimation methods. The
methods described in this paper have already been used to
support multiple clinical applications, evaluations, and de-
scriptions [4]–[6]. Visualizations associated with these and
other applications as well as the simulated data used in the
Monte Carlo experiments are available on the Internet at
http://caddlab.rad.unc.edu/.
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